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SECOND MAIN THEOREM AND UNICITY OF MEROMORPHIC
MAPPINGS FOR HYPERSURFACES OF PROJECTIVE
VARIETIES IN SUBGENERAL POSITION
SI DUC QUANG
Abstract. The purpose of this article is twofold. The first is to prove a second main
theorem for meromorphic mappings of Cm into a complex projective variety intersecting
hypersurfaces in subgeneral position with truncated counting functions. The second is
to show a uniqueness theorem for these mappings which share few hypersurfaces without
counting multiplicity.
1. Introduction
Let f be a linearly nondegenerate meromorphic mapping of Cm into Pn(C) and let
{Hj}
q
j=1 be q hyperplanes in N -subgeneral position in P
n(C). Then the Cartan-Nochka’s
second main theorem for meromorphic mappings and hyperplanes (see [8], [9]) stated that
|| (q − 2N + n− 1)T (r, f) ≤
q∑
i=1
N
[n]
Hi(f)
(r) + o(T (r, f)).
The above Cartan-Nochka’s second main theorem plays a very essential role in Nevan-
linna theory, with many applications to Algebraic or Analytic geometry. One of the
most interesting applications of the above theorem is to study the uniqueness problem of
meromorphic mappings sharing hyperplanes. We state here the uniqueness theorem of L.
Smiley, which is one of the most early results on this problem.
Theorem A. Let f, g be two meromorphic mappings of Cm into Pn(C). Let H1, ..., Hq be
q (q ≥ 3n+2) hyperplanes of Pn(C) located in general position. Assume that f−1(
⋃q
i=1Hi) =
g−1(
⋃q
i=1Hi) and
dim f−1(Hi) ∩ f
−1(Hj) ≤ m− 2, ∀i 6= j.
Then f = g.
Many authors have generalized the above result to the case of meromorphic mappings
and hypersurfaces.
In 2004, Min Ru [11] showed a second main theorem for algebraically nondegenerate
meromorphic mappings and a family of hypersurfaces of a complex projective space Pn(C)
in general position. With the same assumptions, T. T. H. An and H. T. Phuong [1]
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improved the result of Min Ru by giving an explicit truncation level for counting functions.
They proved the following.
Theorem B (An - Phuong [1]) Let f be an algebraically nondegenerate holomorphic
map of C into Pn(C). Let {Qi}
q
i=1 be q hypersurfaces in P
n(C) in general position with
degQi = di (1 ≤ i ≤ q). Let d be the least common multiple of the d
′
is, d = lcm(d1, ..., dq).
Let 0 < ǫ < 1 and let
L ≥ 2d[2n(n+ 1)n(d+ 1)ǫ−1]n.
Then,
|| (q − n− 1− ǫ)Tf (r) ≤
q∑
i=1
1
di
N
[L]
Qi(f)
(r) + o(Tf(r)).
Using this result of An - Phuong, Dulock and Min Ru [2] gave a uniqueness theorem
for meromorphic mappings sharing a family of hypersurfaces in general position. Then
the natural question arise here: ”How to generalize these results to the case where map-
pings take values in projective varieties and the family of hypersurfaces is in subgeneral
position?”
Now, let V be a complex projective subvariety of Pn(C) of dimension k (k ≤ n). Let
Q1, ..., Qq (q ≥ k + 1) be q hypersurfaces in P
n(C). We say that the family {Qi}
q
i=1 is in
general position in V if
V ∩ (
k+1⋂
j=1
Qij) = ∅ ∀1 ≤ i1 < · · · < ik+1 ≤ q.
In [5], G. Dethloff - D. D. Thai and T. V. Tan gave a concept of the notion ”subgeneral
position” for a family hypersurfaces as follows.
Definition C. (N -subgeneral position in the sense of Dethloff - Thai - Tan [5]). Let V
be a projective subvariety of Pn(C) of dimension k (k ≤ n). Let N ≥ k and q ≥ N + 1.
Hypersurfaces Q1, · · · , Qq in P
n(C) with V 6⊂ Qj for all j = 1, · · · , q are said to be in
N-subgeneral position in V if the two following conditions are satisfied:
(i) For every 1 ≤ j0 < · · · < jN ≤ q, V ∩Qj0 ∩ · · · ∩QjN = ∅.
(ii) For any subset J ⊂ {1, · · · , q} such that 1 ≤ ♯J ≤ k and {Qj , j ∈ J} are in
general position in V and V ∩ (
⋃
j∈J Qj) 6= ∅, there exists an irreducible component σJ of
V ∩ (
⋃
j∈J Qj) with dim σJ = dim(V ∩ (
⋃
j∈J Qj)) such that for any i ∈ {1, · · · , q} \ J , if
dim(V ∩ (
⋃
j∈J Qj)) = dim(V ∩Qi ∩ (
⋃
j∈J Qj)), then Qi contains σJ .
With this notion of N−subgeneral position, the above three authors proved the following
second main theorem.
Theorem D (Dethloff - Thai - Tan [5]). Let V be a complex projective subvariety of
Pn(C) of dimension k (k ≤ n). Let {Qi}
q
i=1 be hypersurfaces of P
n(C) in N-subgeneral
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position in V in the sense of Definition C, with degQi = di (1 ≤ i ≤ q). Let d be the least
common multiple of d′is, i.e., d = lcm(d1, ..., dq). Let f be a algebraically nondegenerate
meromorphic mapping of Cm into V . If q > 2N − k + 1 then for every ǫ > 0, there exist
positive integers Lj (1 ≤ j ≤ q) depending on k, n,N, di (1 ≤ i ≤ q), q, ǫ in an explicit
way such that
|| (q − 2N + k − 1− ǫ)Tf (r) ≤
q∑
i=1
1
di
N
[Li]
Qi(f)
(r) + o(Tf (r)).
We would like to note that in Definition C, the second condition (ii) is not natural and
it is very hard to examine this condition. Also the truncation levels Li, as same as the
truncation level L in Theorem B, is very large and far from the sharp. Therefore, the
application of them to truncated multiplicity problems will be restricted.
The first purpose in the present paper is to give a new second main theorem for mero-
morphic mappings into complex projective varieties, and a family of hypersurfaces in
subgeneral position (in the sense of a natural definition as below) with a better trunca-
tion level for counting functions. Firstly, let us state the following.
Now, let V be a complex projective subvariety of Pn(C) of dimension k (k ≤ n). Let
d be a positive integer. We denote by I(V ) the ideal of homogeneous polynomials in
C[x0, ..., xn] defining V , Hd the ring of all homogeneous polynomials in C[x0, ..., xn] of
degree d (which is also a vector space). We define
Id(V ) :=
Hd
I(V ) ∩Hd
and HV (d) := dim Id(V ).
Then HV (d) is called Hilbert function of V . Each element of Id(V ) which is an equivalent
class of an element Q ∈ Hd, will be denoted by [Q],
Let f : Cm −→ V be a meromorphic mapping. We said that f is degenerate over Id(V )
if there is [Q] ∈ Id(V ) \ {0} so that Q(f) ≡ 0, otherwise we said that f is nondegenerate
over Id(V ). It is clear that if f is algebraically nondegenerate then f is nondegenerate
over Id(V ) for every d ≥ 1.
The family of hypersurfaces {Qi}
q
i=1 is said to be in N−subgeneral position with respect
to V if for any 1 ≤ i1 < · · · < iN+1,
V ∩ (
N+1⋂
j=1
Qij ) = ∅.
We will prove the following Second Main Theorem.
Theorem 1.1. Let V be a complex projective subvariety of Pn(C) of dimension k (k ≤ n).
Let {Qi}
q
i=1 be hypersurfaces of P
n(C) in N-subgeneral position with respect to V , with
degQi = di (1 ≤ i ≤ q). Let d be the least common multiple of d
′
is, i.e., d = lcm(d1, ..., dq).
Let f be a meromorphic mapping of Cm into V which is nondegenerate over Id(V ). If
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q >
(2N−k+1)HV (d)
k+1
then we have
||
(
q −
(2N − k + 1)HV (d)
k + 1
)
Tf (r) ≤
q∑
i=1
1
di
N
[HV (d)−1]
Qi(f)
(r) + o(Tf(r)).
In the case where V is a linear space of dimension k and each Hi is a hyperplane, i.e.,
di = 1 (1 ≤ i ≤ q), then HV (d) = k + 1 and Theorem 1.1 gives us the above second main
theorem of Cartan - Nochka. We note that even the total defect given from the above
Second Main Theorem is (2N−k+1)HV (d)
k+1
≥ n + 1, but the truncated level (HV (d) − 1) of
the counting function, which is bounded from above by (
(
n+d
n
)
− 1), is much smaller than
that in any previous Second Main Theorem for hypersurfaces.
Also the notion of N−subgeneral position in our result is a natural generalization of
the case of hyperplanes. Therefore, in order to prove the second main thoerem in our
sittuation we have to make a generalization of Nochka weights for the case of hypersurfaces
in complex projective varieties.
In the last section of this paper, we prove a uniqueness theorem for meromorphic map-
pings sharing hypersurfaces in subgeneral position without counting multiplicity as fol-
lows.
Theorem 1.2. Let V be a complex projective subvariety of Pn(C) of dimension k (k ≤
n). Let {Qi}
q
i=1 be hypersurfaces in P
n(C) in N-subgeneral position with respect to V ,
degQi = di (1 ≤ i ≤ q). Let d be the least common multiple of d
′
is, i.e., d = lcm(d1, ..., dq).
Let f and g be meromorphic mappings of Cm into V which are nondegenerate over Id(V ).
Assume that:
(i) dim(ZeroQi(f) ∩ ZeroQi(f)) ≤ m− 2 for every 1 ≤ i < j ≤ q,
(ii) f = g on
⋃q
i=1(ZeroQi(f) ∪ ZeroQi(g)).
If q > 2(HV (d)−1)
d
+ (2N−k+1)HV (d)
k+1
then f = g.
We see that with the same assumption, the number of hypersurfaces in our result is
smaller than that in the all previous results on uniqueness of meromorphic mappings
sharing hypersurfaces. Also in the case of mapping into Pn(C) sharing hyperplanes in
general position, i.e., V = Pn(C), HV (d) = n+1, N = n = k, the above theorem gives us
the uniqueness theorem of L. Smiley.
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2. Basic notions and auxiliary results from Nevanlinna theory
2.1. We set ||z|| =
(
|z1|
2 + · · ·+ |zm|
2
)1/2
for z = (z1, . . . , zm) ∈ C
m and define
B(r) := {z ∈ Cm : ||z|| < r}, S(r) := {z ∈ Cm : ||z|| = r} (0 < r <∞).
Define
vm−1(z) :=
(
ddc||z||2
)m−1
and
σm(z) := d
clog||z||2 ∧
(
ddclog||z||2
)m−1
on Cm \ {0}.
For a divisor ν on Cm and for a positive integer M or M =∞, we define the counting
function of ν by
ν[M ](z) = min {M, ν(z)},
n(t) =


∫
|ν| ∩B(t)
ν(z)vm−1 if m ≥ 2,
∑
|z|≤t
ν(z) if m = 1.
Similarly, we define n[M ](t).
Define
N(r, ν) =
r∫
1
n(t)
t2m−1
dt (1 < r <∞).
Similarly, we define N(r, ν [M ]) and denote it by N [M ](r, ν).
Let ϕ : Cm −→ C be a meromorphic function. Denote by νϕ the zero divisor of ϕ.
Define
Nϕ(r) = N(r, νϕ), N
[M ]
ϕ (r) = N
[M ](r, νϕ).
For brevity we will omit the character [M ] if M =∞.
2.2. Let f : Cm −→ Pn(C) be a meromorphic mapping. For arbitrarily fixed ho-
mogeneous coordinates (w0 : · · · : wn) on P
n(C), we take a reduced representation
f = (f0 : · · · : fn), which means that each fi is a holomorphic function on C
m and
f(z) =
(
f0(z) : · · · : fn(z)
)
outside the analytic subset {f0 = · · · = fn = 0} of codimen-
sion ≥ 2. Set ‖f‖ =
(
|f0|
2 + · · ·+ |fn|
2
)1/2
.
The characteristic function of f is defined by
Tf (r) =
∫
S(r)
log ‖f‖σm −
∫
S(1)
log ‖f‖σm.
2.3. Let ϕ be a nonzero meromorphic function on Cm, which are occasionally regarded
as a meromorphic map into P1(C). The proximity function of ϕ is defined by
m(r, ϕ) =
∫
S(r)
logmax (|ϕ|, 1)σm.
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The Nevanlinna’s characteristic function of ϕ is define as follows
T (r, ϕ) = N 1
ϕ
(r) +m(r, ϕ).
Then
Tϕ(r) = T (r, ϕ) +O(1).
The function ϕ is said to be small (with respect to f) if || Tϕ(r) = o(Tf (r)). Here, by the
notation ′′|| P ′′ we mean the assertion P holds for all r ∈ [0,∞) excluding a Borel subset
E of the interval [0,∞) with
∫
E
dr <∞.
2.4. Lemma on logarithmic derivative (Lemma 3.11 [12]). Let f be a nonzero
meromorphic function on Cm. Then∣∣∣∣
∣∣∣∣ m
(
r,
Dα(f)
f
)
= O(log+ T (r, f)) (α ∈ Zm+ ).
Repeating the argument in (Prop. 4.5 [6]), we have the following:
Proposition 2.5. Let Φ0, ...,Φk be meromorphic functions on C
m such that {Φ0, ...,Φk}
are linearly independent over C. Then there exist an admissible set
{αi = (αi1, ..., αim)}
k
i=0 ⊂ Z
m
+
with |αi| =
∑m
j=1 |αij| ≤ k (0 ≤ i ≤ k) such that the following are satisfied:
(i) {DαiΦ0, ...,D
αiΦk}
k
i=0 is linearly independent over M, i.e., det (D
αiΦj) 6≡ 0.
(ii) det
(
Dαi(hΦj)
)
= hk+1 ·det
(
DαiΦj
)
for any nonzero meromorphic function h on Cm.
3. Generalization of Nochka weights
Let V be a complex projective subvariety of Pn(C) of dimension k (k ≤ n). Let {Qi}
q
i=1
be q hypersurfaces in Pn(C) of the common degree d. Assume that each Qi is defined
by a homogeneous polynomial Q∗i ∈ C[x0, ..., xn]. We regard Id(V ) =
Hd
I(V ) ∪Hd
as a
complex vector space and define
rank{Qi}i∈R = rank{[Q
∗
i ]}i∈R
for every subset R ⊂ {1, ..., q}. It is easy to see that
rank{Qi}i∈R = rank{[Q
∗
i ]}i∈R ≥ dimV − dim(
⋂
i∈R
Qi ∩ V ).
Definition 3.1. The family {Qi}
q
i=1 is said to be in N-subgeneral position with respect to
V if for any subset R ⊂ {1, ..., q} with ♯R = N + 1 then
⋂
i∈RQi ∩ V = ∅.
Hence, if {Qi}
q
i=1is in N -subgeneral position, by the above equality, we have
rank{Qi}i∈R ≥ dimV − dim(
⋂
i∈R
Qi ∩ V ) = k + 1
(here we note that dim(∅) = −1) for any subset R ⊂ {1, ..., q} with ♯R = N + 1.
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If {Qi}
q
i=1 is in n-subgeneral position with respect to V then we say that it is in general
position with respect to V .
Taking a C−basis of Id(V ), we may consider Id(V ) as a C− vector space C
M with
M = HV (d).
Let {Hi}
q
i=1 be q hyperplanes in C
M passing through the coordinates origin. Assume
that each Hi is defined by the linear equation
aijz1 + · · · aiMzM = 0,
where aij ∈ C (j = 1, ...,M), not all zeros. We define the vector associated with Hi by
vi = (ai1, ..., aiM) ∈ C
M .
For each subset R ⊂ {1, ..., q}, the rank of {Hi}i∈R is defined by
rank{Hi}i∈R = rank{vi}i∈R.
The family {Hi}
q
i=1 is said to be in N-subgeneral position if for any subset R ⊂ {1, ..., q}
with ♯R = N + 1,
⋂
i∈RHi = {0}, i.e., rank{Hi}i∈R =M.
By Lemmas 3.3 and 3.4 in [9], we have the following.
Lemma 3.2. Let {Hi}
q
i=1 be q hyperplanes in C
k+1 in N-subgeneral position, and assume
that q > 2N − k + 1. Then there are positive rational constants ωi (1 ≤ i ≤ q) satisfying
the following:
i) 0 < ωj ≤ 1, ∀i ∈ {1, ..., q},
ii) Setting ω˜ = maxj∈Q ωj, one gets
q∑
j=1
ωj = ω˜(q − 2N + k − 1) + k + 1.
iii)
k + 1
2N − k + 1
≤ ω˜ ≤
k
N
.
iv) For R ⊂ Q with 0 < ♯R ≤ N + 1, then
∑
i∈R ωi ≤ rank{Hi}i∈R.
v) Let Ei ≥ 1 (1 ≤ i ≤ q) be arbitrarily given numbers. For R ⊂ Q with 0 < ♯R ≤ N+1,
there is a subset Ro ⊂ R such that ♯Ro = rank{Hi}i∈Ro = rank{Hi}i∈R and∏
i∈R
Eωii ≤
∏
i∈Ro
Ei.
The above ωj are called Nochka weights, and ω˜ is called Nochka constant.
Lemma 3.3. Let H1, ...Hq be q hyperplanes in C
M , M ≥ 2, passing through the coor-
dinates origin. Let k be a positive integer, k ≤ M . Then there exists a linear subspace
L ⊂ CM of dimension k such that L 6⊂ Hi (1 ≤ i ≤ q) and
rank{Hi1 ∩ L, . . . , Hil ∩ L} = rank{Hi1, . . . , Hil}
for every 1 ≤ l ≤ k, 1 ≤ i1 < · · · < il ≤ q.
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Proof. We prove the lemma by induction on M (M ≥ k) as follows.
• If M = k, by choosing L = CM we get the desired conclusion of the lemma.
• If M = M0 ≥ k + 1. Assume that the lemma holds for every cases where k ≤ M ≤
M0 − 1. Now we prove that the lemma also holds for the case where M =M0.
Indeed, we assume that each hyperplane Hi is given by the linear equation
ai1x1 + · · ·+ aiM0xM0 = 0,
where aij ∈ C, not all zeros, (x1, ..., xM0) is an affine coordinates system of C
M0. We
denote the vector associated with Hi by vi = (ai1, ..., aiM0) ∈ C
M0 \ {0}. For each subset
T of {v1, ..., vq} satisfying ♯T ≤ k, we denote by VT the vector subspace of C
M0 generated
by T . Since dimVT ≤ ♯T ≤ k < M0, VT is a proper vector subspace of C
M0. Then⋃
T VT is nowhere dense in C
M0 . Hence, there exists a nonzero vector v = (a1, ...., aM0) ∈
CM0 \
⋃
T VT . Denote by H the hyperplane of C
M0 defined by
a1x1 + · · ·+ aM0xM0 = 0.
For each vi ∈ {v1, ..., vM0}, we have v 6∈ V{vi} then {v, vi} is linearly independent over C.
It follows that Hi 6⊂ H. Therefore, H
′
i = Hi ∩H is a hyperplane of H. Also we see that
dimH = M0 − 1
By the assumption that the lemma holds for M = M0 − 1, then there exists a linear
subspace L ⊂ H of dimension k such that L 6⊂ H ′i (1 ≤ i ≤ q) and
rank{H ′i1 ∩ L, . . . , H
′
il
∩ L} = rank{H ′i1, . . . , H
′
il
}
for every 1 ≤ l ≤ k, 1 ≤ i1 < · · · < il ≤ q.
Since L 6⊂ H ′i, it is easy to see that L 6⊂ Hi for each i (1 ≤ i ≤ q). On the other
hand, for every 1 ≤ l ≤ k, 1 ≤ i1 < · · · < il ≤ q, we see that v 6∈ V{vi1 ,...,vil}. Then
rank{vi1 , ..., vil, v} = rank{vi1 , ..., vil}+ 1. This implies that
rank{H ′i1, . . . , H
′
il
} = dimH − dim(
l⋂
j=1
H ′ij) = M0 − 1− dim(H ∩
l⋂
j=1
Hij)
= rank{Hi1 , ..., Hil, H} − 1 = rank{vi1, ..., vil , v} − 1
= rank{vi1 , ..., vil} = rank{Hi1 , ..., Hil}.
It follows that
rank{Hi1 ∩ L, . . . , Hil ∩ L} = dimL− dim(L ∩
l⋂
j=1
Hij ) = dimL− dim(
l⋂
j=1
(H ′ij ∩ L))
= rank{H ′i1 ∩ L, . . . , H
′
il
∩ L} = rank{Hi1 , ..., Hil}.
Then we get the desired linear subspace L in this case.
• By the inductive principle, the lemma holds for every M . Hence we finish the proof
of the lemma. 
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Lemma 3.4. Let V be a complex projective subvariety of Pn(C) of dimension k (k ≤ n).
Let Q1, ..., Qq be q (q > 2N − k + 1) hypersurfaces in P
n(C) in N− subgeneral position
with respect to V of the common degree d. Then there are positive rational constants
ωi (1 ≤ i ≤ q) satisfying the following:
i) 0 < ωi ≤ 1, ∀i ∈ {1, ..., q},
ii) Setting ω˜ = maxj∈Q ωj, one gets
q∑
j=1
ωj = ω˜(q − 2N + k − 1) + k + 1.
iii)
k + 1
2N − k + 1
≤ ω˜ ≤
k
N
.
iv) For R ⊂ {1, ..., q} with ♯R = N + 1, then
∑
i∈R ωi ≤ k + 1.
v) Let Ei ≥ 1 (1 ≤ i ≤ q) be arbitrarily given numbers. For R ⊂ {1, ..., q} with
♯R = N + 1, there is a subset Ro ⊂ R such that ♯Ro = rank{Qi}i∈Ro = k + 1 and∏
i∈R
Eωii ≤
∏
i∈Ro
Ei.
Proof. We assume that each Qi is given by∑
I∈Id
aiIx
I = 0,
where Id = {(i0, ..., in) ∈ N
n+1
0 ; i0 + · · · + in = d}, I = (i0, ..., in) ∈ Id, x
I = xi00 · · ·x
in
n
and aiI ∈ C (1 ≤ i ≤ q, I ∈ Id). Setting Q
∗
i (x) =
∑
I∈Id
aiIx
I . Then Q∗i ∈ Hd
Taking a C−basis of Id(V ), we may identify Id(V ) with C−vector space C
M with
M = Hd(V ). For each Qi, we denote vi the vector in C
M which corresponds to [Q∗i ] by
this identification. We denote by Hi the hyperplane in C
M associated with the vector vi.
Then for each arbitrary subset R ⊂ {1, ..., q} with ♯R = N + 1, we have
dim(
⋂
i∈R
Qi ∩ V ) ≥ dimV − rank{[Qi]}i∈R = k − rank{Hi}i∈R.
Hence
rank{Hi}i∈R ≥ k − dim(
⋂
i∈R
Qi ∩ V ) ≥ k − (−1) = k + 1.
By Lemma 3.3, there exists a linear subspace L ⊂ CM of dimension k + 1 such that
L 6⊂ Hi (1 ≤ i ≤ q) and
rank{Hi1 ∩ L, . . . , Hil ∩ L} = rank{Hi1, . . . , Hil}
for every 1 ≤ l ≤ k + 1, 1 ≤ i1 < · · · < il ≤ q. Hence, for any subset R ∈ {1, ..., q} with
♯R = N + 1, since rank{Hi}i∈R ≥ k + 1, there exists a subset R
′ ⊂ R with ♯R′ = k + 1
and rank{Hi}i∈R′ = k + 1. It implies that
rank{Hi ∩ L}i∈R ≥ rank{Hi ∩ L}i∈R′ = rank{Hi}i∈R′ = k + 1.
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This yields that rank{Hi ∩L}i∈R = k + 1, since dimL = k + 1. Therefore, {Hi ∩L}
q
i=1 is
a family of q hyperplanes in L in N -subgeneral position.
By Lemma 3.2, there exist Nochka weights {ωi}
q
i=1 for the family {Hi ∩ L}
q
i=1 in L. It
is clear that assertions (i)-(iv) are automatically satisfied. Now for R ⊂ {1, ..., q} with
♯R = N + 1, by Lemma 3.2(v) we have∑
i∈R
ωi ≤ rank{Hi ∩ L}i∈R = k + 1
and there is a subset Ro ⊂ R such that:
♯Ro = rank{Hi ∩ L}i∈R0 = rank{Hi ∩ L}i∈R = k + 1,∏
i∈R
Eωii ≤
∏
i∈Ro
Ei, ∀Ei ≥ 1 (1 ≤ i ≤ q),
rank{Qi}i∈R0 = rank{Hi ∩ L}i∈R0 = k + 1.
Hence the assertion (v) is also satisfied.
The lemma is proved. 
4. Second main theorems for hypersurfaces
Let {Qi}i∈R be a set of hypersurfaces in P
n(C) of the common degree d. Assume that
each Qi is defined by ∑
I∈Id
aiIx
I = 0,
where Id = {(i0, ..., in) ∈ N
n+1
0 ; i0 + · · · + in = d}, I = (i0, ..., in) ∈ Id, x
I = xi00 · · ·x
in
n
and (x0 : · · · : xn) is homogeneous coordinates of P
n(C).
Let f : Cm −→ V ⊂ Pn(C) be an algebraically nondegenerate meromorphic mapping
into V with a reduced representation f = (f0 : · · · : fn). We define
Qi(f) =
∑
I∈Id
aiIf
I ,
where f I = f i00 · · ·f
in
n for I = (i0, ..., in). Then we see that f
∗Qi = νQi(f) as divisors.
Lemma 4.1. Let {Qi}i∈R be a set of hypersurfaces in P
n(C) of the common degree d and
let f be a meromorphic mapping of Cm into Pn(C). Assume that
⋂q
i=1Qi ∩V = ∅. Then
there exist positive constants α and β such that
α||f ||d ≤ max
i∈R
|Qi(f)| ≤ β||f ||
d.
Proof. Let (x0 : · · · : xn) be homogeneous coordinates of P
n(C). Assume that each
Qi is defined by:
∑
I∈Id
aiIx
I = 0. Set Qi(x) =
∑
I∈Id
aiIx
I and consider the following
function
h(x) =
maxi∈R |Qi(x)|
||x||d
,
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where ||x|| = (
∑n
i=0 |xi|
2)
1
2 .
We see that the function h a positive continuous function on V . By the compactness
of V , there exist positive constants α and β such that α = minx∈Pn(C) h(x) and β =
maxx∈Pn(C) h(x). Therefore, we have
α||f ||d ≤ max
i∈R
|Qi(f)| ≤ β||f ||
d.
The lemma is proved. 
Lemma 4.2. Let {Qi}
q
i=1 be a set of q hypersurfaces in P
n(C) of the common degree d.
Then there exist (Hd(V )− k− 1) hypersurfaces {Ti}
Hd(V )−k−1
i=1 in P
n(C) such that for any
subset R ∈ {1, ..., q} with ♯R = rank{Qi}i∈R = k + 1 then rank{{Qi}i∈R ∪ {Ti}
M−k
i=1 } =
HV (d).
Proof. For each i (1 ≤ i ≤ q), take a homogeneous polynomial Q∗i ∈ C[x0, ..., xn] of
degree d defining Qi. We consider Id(V ) as a C−vector space of dimension Hd(V ).
For each subset R ∈ {1, ..., q} with ♯R = rank{Q∗i }i∈R = k+1, we denote by VR the set of
all vectors v = (v1, ..., vHV (d)−k−1) ∈ (Id(V ))
HV (d)−k−1 such that {{[Q∗i ]}i∈R, v1, ..., vHV (d)−k−1}
is linearly dependent over C. It is clear that VR is an algebraic subset of (Id(V ))
HV (d)−k−1.
Since dim Id(V ) = Hd(V ) and rank{Q
∗
i }i∈R = k+1, there exists v = (v1, ..., vHV (d)−k−1) ∈
(Id(V ))
HV (d)−k−1 such that {{[Q∗i ]}i∈R, v1, ..., vHV (d)−k−1} is linearly independent over C,
i.e., v 6∈ VR. Therefore VR is a proper algebraic subset of (Id(V ))
HV (d)−k−1 for each R.
This implies that
(Id(V ))
HV (d)−k−1 \
⋃
R
VR 6= ∅.
Hence, there is (T+1 , ..., T
+
HV (d)−k−1
) ∈ (Id(V ))
HV (d)−k−1 \
⋃
R VR.
For each T+i , we take a representation T
∗
i ∈ Hd of it and and take the hypersurface Ti
in Pn(C), which is defined by the homogeneous polynomial T ∗i (i = 1, ..., q). We have
rank{{Qi}i∈R ∪ {Ti}
HV (d)−k−1
i=1 } = rank{{[Q
∗
i ]}i∈R ∪ {[T
∗
i ]}
HV (d)−k−1
i=1 } = HV (d)
for every subset R ∈ {1, ..., q} with ♯R = rank{Qi}i∈R = k + 1.
The lemma is proved. 
Proof of Theorem 1.1.We first prove the theorem for the case where all Qi (i = 1, ..., q)
have the same degree d.
It is easy to see that there is a positive constant β such that β||f ||d ≥ |Qi(f)| for every
1 ≤ i ≤ q. Set Q := {1, · · · , q}. Let {ωi}
q
i=1 be as in Lemma 3.4 for the family {Qi}
q
i=1.
Let {Ti}
M−k
i=1 be (M − k) hypersurfaces in P
n(C), which satisfy Lemma 4.2.
Take a C−basis {[Ai]}
HV (d)
i=1 of Id(V ), where Ai ∈ Hd. Since f is nondegenerate over
Id(V ), {Ai(f); 1 ≤ i ≤ HV (d)} is linearly independent over C. Then there is an admissible
set {α1, · · · , αHV (d)} ⊂ Z
m
+ such that
W ≡ det
(
DαjAi(f)(1 ≤ i ≤ HV (d))
)
1≤j≤HV (d)
6≡ 0
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and |αj| ≤ HV (d)− 1, ∀1 ≤ j ≤ HV (d).
For each Ro = {r01, ..., r
0
k+1} ⊂ {1, ..., q} with rank{Qi}i∈Ro = ♯R
o = k + 1, set
WRo ≡ det
(
DαjQr0v(f)(1 ≤ v ≤ k + 1),D
αjTl(f)(1 ≤ l ≤ HV (d)− k − 1)
)
1≤j≤HV (d)
.
Since rank{Qr0v(1 ≤ v ≤ k+1), Tl(1 ≤ l ≤ HV (d)−k−1)} = Hd(V ), there exist a nonzero
constant CRo such that WRo = CRo ·W .
We denote by Ro the family of all subsets Ro of {1, ..., q} satisfying
rank{Qi}i∈Ro = ♯R
o = k + 1.
Let z be a fixed point. For each R ⊂ Q with ♯R = N + 1, we choose Ro ⊂ R such that
Ro ∈ Ro and Ro satisfies Lemma 3.4 v) with respect to numbers
{ β||f(z)||d
|Qi(f)(z)|
}q
i=1
. On the
other hand, there exists R¯ ⊂ Q with ♯R¯ = N + 1 such that |Qi(f)(z)| ≤ |Qj(f)(z)|, ∀i ∈
R¯, j 6∈ R¯. Since
⋂
i∈R¯Qi = ∅, by Lemma 4.1 there exists a positive constant αR¯ such that
αR¯||f ||
d(z) ≤ max
i∈R¯
|Qi(f)(z)|.
Then we see that
||f(z)||d(
∑q
i=1 ωi)|W (z)|
|Qω11 (f)(z) · · ·Q
ωq
q (f)(z)|
≤
|W (z)|
α
q−N−1
R¯
βN+1
∏
i∈R¯
(
β||f(z)||d
|Qi(f)(z)|
)ωi
≤ AR¯
|W (z)| · ||f ||d(k+1)(z)∏
i∈R¯o |Qi(f)|(z)
≤ BR¯
|WR¯o(z)| · ||f ||
dHV (d)(z)∏
i∈R¯o |Qi(f)|(z)
∏HV (d)−k−1
i=1 |Ti(f)|(z)
,
where AR¯, BR¯ are positive constants.
Put SR¯ = BR¯
|WR¯o |∏
i∈R¯o |Qi(f)|
∏HV (d)−k−1
i=1 |Ti(f)|
. By the lemma on logarithmic derivative,
it is easy to see that
||
∫
S(r)
log+ SR¯(z)σm = o(Tf (r)).
Therefore, for each z ∈ Cm, we have
log
(
||f(z)||d(
∑q
i=1 ωi)|W (z)|
|Qω11 (f)(z) · · ·Q
ωq
q (f)(z)|
)
≤ log
(
||f ||dHV (d)(z)
)
+
∑
R⊂Q,♯R=N+1
log+ SR.
Integrating both sides of the above inequality over S(r) with the note that:
∑q
i=1 ωi =
ω˜i(q − 2N + k − 1) + k + 1, we have
|| d(q − 2N + k − 1−
HV (d)− k − 1
ω˜
)Tf (r) ≤
q∑
i=1
ωi
ω˜
NQi(f)(r)−
1
ω˜
NW (r) + o(Tf(r)).
(4.3)
Claim.
∑q
i=1 ωiNQi(f)(r)−NW (r) ≤
∑q
i=1 ωiN
[HV (d)−1]
Qi(f)
(r).
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Indeed, let z be a zero of some Qi(f)(z) and z 6∈ I(f) = {f0 = · · · = fn = 0}.
Since {Qi}
q
i=1 is in N -subgeneral position, z is not zero of more than N functions Qi(f).
Without loss of generality, we may assume that z is zero of Qi(f) (1 ≤ i ≤ k ≤ N)
and z is not zero of Qi(f) with i > N . Put R = {1, ..., N + 1}, choose R
1 ⊂ R with
♯R1 = rank{Qi}i∈R1 = k + 1 and R
1 satisfies Lemma 3.4 v) with respect to numbers{
emax{νQi(f)(z)−HV (d)+1,0}
}q
i=1
. Then we have
∑
i∈R
ωimax{νQi(f)(z)−HV (d) + 1, 0} ≤
∑
i∈R1
max{νQi(f)(z)−HV (d) + 1, 0}.
Then, it yields that
νW (z) = νWR1 (z) ≥
∑
i∈R1
max{νQi(f)(z)−HV (d)+1, 0} ≥
∑
i∈R
ωimax{νQi(f)(z)−HV (d)+1, 0}.
Thus
q∑
i=1
ωiνQi(f)(z)− νW (z) =
∑
i∈R
ωiνQi(f)(z)− νW (z)
=
∑
i∈R
ωimin{νQi(f)(z), HV (d)− 1}+
∑
i∈R
ωimax{νQi(f)(z)−HV (d) + 1, 0} − νW (z)
≤
∑
i∈R
ωimin{νQi(f)(z), HV (d) + 1} =
q∑
i=1
ωimin{νQi(f)(z),M}.
Integrating both sides of this inequality, we get
q∑
i=1
ωiNQi(f)(r)−NW (r) ≤
q∑
i=1
ωiN
[HV (d)−1]
Qi(f)
(r).
This proves the claim.
Combining the claim and (4.3), we obtain
|| d(q − 2N + k − 1−
HV (d)− k − 1
ω˜
)Tf (r) ≤
q∑
i=1
ωi
ω˜
N
[HV (d)−1]
Qi(f)
(r) + o(Tf(r))
≤
q∑
i=1
N
[HV (d)−1]
Qi(f)
(r) + o(Tf(r)).
Since ω˜ ≥
k + 1
2N − k + 1
, the above inequality implies that
∣∣∣∣
∣∣∣∣ d
(
q −
(2N − k + 1)HV (d)
k + 1
)
Tf(r) ≤
q∑
i=1
N
[HV (d)−1]
Qi(f)
(r) + o(Tf(r)).
Hence, the theorem is proved in the case where all Qi have the same degree.
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We now prove the theorem for the general case where degQi = di. Applying the above
case for f and the hypersurfaces Q
d
di
i (i = 1, ..., q) of the common degree d, we have
∣∣∣∣
∣∣∣∣
(
q −
(2N − k + 1)HV (d)
k + 1
)
Tf (r) ≤
1
d
q∑
i=1
N
[HV (d)−1]
Q
d/di
i (f)
(r) + o(Tf(r))
≤
q∑
i=1
1
d
d
di
N
[HV (d)−1]
Qi(f)
(r) + o(Tf (r))
=
q∑
i=1
1
di
N
[HV (d)−1]
Qi(f)
(r) + o(Tf(r)).
The theorem is proved. 
5. Unicity of meromorphic mappings sharing hypersurfaces
Lemma 5.1. Let f and g be nonconstant meromorphic mappings of Cm into a complex
projective subvariety V of Pn(C), dimV = k (k ≤ n). Let Qi (i = 1, ..., q) be moving
hypersurfaces in Pn(C) in N-subgeneral position with respect to V , degQi = di, N ≥ n.
Put d = lcm(d1, ..., dq) and M =
(
n+d
n
)
− 1. Assume that both f and g are nondegenerate
over Id(V ). If q >
(2N−k+1)HV (d)
k+1
then || Tf (r) = O(Tg(r)) and || Tg(r) = O(Tf(r)).
Proof. Using Theorem 1.1 for f , we have
∣∣∣∣
∣∣∣∣
(
q −
(2N − k + 1)HV (d)
k + 1
)
Tf(r) ≤
q∑
i=1
1
di
N
[HV (d)−1]
Qi(f)
(r) + o(Tf (r))
≤
q∑
i=1
HV (d)− 1
di
N
[1]
Qi(f)
(r) + o(Tf(r))
=
q∑
i=1
HV (d)− 1
di
N
[1]
Qi(g)
(r) + o(Tf (r))
≤q(Hd(V )− 1) Tg(r) + o(Tf(r)).
Hence || Tf (r) = O(Tg(r)). Similarly, we get || Tg(r) = O(Tf(r)).
Proof of Theorem 1.2.We assume that f and g have reduced representations f = (f0 :
· · · : fn) and g = (g0 : · · · : gn) respectively. Replacing Qi by Q
d
di
i if necessary, without
loss of generality, we may assume that di = d for all i = 1, ..., q.
By Lemma 5.1, we have || Tf (r) = O(Tg(r)) and || Tg(r) = O(Tf(r)). Suppose that
f 6= g. Then there exist two indices s, t (0 ≤ s < t ≤ n) satisfying
H := fsgt − ftgs 6≡ 0.
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By the assumption (ii) of the theorem, we have H = 0 on
⋃q
i=1(ZeroQi(f) ∪ ZeroQi(g)).
Therefore, we have
ν0H ≥
q∑
i=1
min{1, ν0Qi(f)}
outside an analytic subset of codimension at least two. Then, it follows that
NH(r) ≥
q∑
i=1
N
[1]
Qi(f)
(r).(5.2)
On the other hand, by the definition of the characteristic function and Jensen formula,
we have
NH(r) =
∫
S(r)
log |fsgt − ftgs|σm
≤
∫
S(r)
log ||f ||σm +
∫
S(r)
log ||g||σm
= Tf (r) + Tg(r).
Combining this and (4.2), we obtain
Tf (r) + Tg(r) ≥
q∑
i=1
N
[1]
Qi(f)
(r).
Similarly, we have
Tf (r) + Tg(r) ≥
q∑
i=1
N
[1]
Qi(g)
(r).
Summing-up both sides of the above two inequalities, we have
2(Tf(r) + Tg(r)) ≥
q∑
i=1
N
[1]
Qi(f)
(r) +
q∑
i=1
N
[1]
Qi(g)
(r).(5.3)
From (5.3) and applying Theorem 1.1 for f and g, we have
2(Tf(r) + Tg(r)) ≥
q∑
i=1
1
HV (d)− 1
N
[HV (d)−1]
Qi(f)
(r) +
q∑
i=1
1
HV (d)− 1
N
[HV (d)−1]
Qi(g)
(r)
≥
d
HV (d)− 1
(
q −
(2N − k + 1)HV (d)
k + 1
)
(Tf(r) + Tg(r)) + o(Tf(r) + Tg(r)).
Letting r −→ +∞, we get 2 ≥ d
HV (d)−1
(
q − (2N−k+1)HV (d)
k+1
)
⇔ q ≤ 2(HV (d)−1)
d
+ (2N−k+1)HV (d)
k+1
.
This is a contradiction.
Hence f = g. The theorem is proved. 
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